Bittu (IlITD)

The Correlation of Farey sequence

Bittu

Mathematics Open House

IIT Delhi

(Based on joint work with Sneha Chaubey)

D [Warievancs

The Correlation of Farey sequence

1/14



Farey Sequence
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Farey Sequence

Definition

Let Q be a positive integer and denote by F¢ the set of irreducible
fractions in [0, 1] whose denominator does not exceed Q,

foz{s:OSaSqSQ,(a,q)zl}-
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Farey Sequence

Definition

Let Q be a positive integer and denote by F¢ the set of irreducible
fractions in [0, 1] whose denominator does not exceed Q,

foz{s:OSaSqSQ,(a,q)zl}-

Example

M@ =1+ i) = 2% +0(Qlog Q).
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Properties
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® = % and 41 = Zi—i are consecutive fractions in Fq iff
aj119i — aiqir+1 =1 and g; + giy1 > Q.
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® 7= g and v = ‘“ are consecutive fractions in Fg iff
a:+1ql diqi+1 = 1 and qi + gi+1 > Q
o |f~ = Z’ is a fraction in Fg and j_1 = 3_ Yie1 = Z% are

adjacent fractions of ~; then

_ai—1+ait1
gi-1+ gi+1
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® = and Yir1 = ‘“ are consecutive fractions in Fq iff
a,+1q, aigi+1 =1 and qi + gi+1 > Q.
o If v = Z’ is a fraction in Fg and vj_1 = a—_ , Vidl = qf—ﬁ are

adjacent fractions of ~; then

_ai—1+ait1
gi-1+ gi+1

® The pairs of coprime integers (g, q’) with 1 < g,q' < Q, and
g+ q > Q are in one to one correspondence with the pairs of
consecutive Farey fractions of order Q.
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Significance of Farey sequence
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Significance of Farey sequence

® [Hurwitz, 1894] used Farey sequence in the rational approximation to
irrationals.
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Significance of Farey sequence

® [Hurwitz, 1894] used Farey sequence in the rational approximation to
irrationals.

® [Hardy and Littlewood, 1924] used Farey sequence in the circle
method.
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Significance of Farey sequence

® [Hurwitz, 1894] used Farey sequence in the rational approximation to
irrationals.

® [Hardy and Littlewood, 1924] used Farey sequence in the circle
method.

® [Ford, 1938] constructed the Ford circles using Farey fractions.
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Distribution of Fq
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Distribution of Fq

e [Franel,1924]

N(Q)
RH = > [6(j)| = 0 (@V/**)
Jj=1
where )
. J
0U) =%~ Nion

N(Q)
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Distribution of Fq

e [Franel,1924]

N(Q)

RH <= 3" |8(j)l = 0 Q")
j=1

where )
6() = — m
¢ [Landau, 1924]

N(Q)

RH <= > 6°(j)=0(Q ).
j=1

Bittu (IlITD) The Correlation of Farey sequence 5/14



Pair correlation of a sequence
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Pair correlation of a sequence

Let F be a finite set of cardinality N in [0, 1]. The pair correlation
measure R (/) of a finite interval | C R is defined by

1

1 2 .
N#{(X,Y)EF .X#y,X }/EN

I +17}.
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Pair correlation of a sequence

Let F be a finite set of cardinality N in [0, 1]. The pair correlation
measure R (/) of a finite interval | C R is defined by

1

1 2 .
N#{(X,Y)EF .X#y,X }/EN

I +7Z}.
The limiting pair correlation measure of an increasing sequence (Fp),, is
given (if it exists) by

R(I) = lim Rg,().

n—o0
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Pair correlation of a sequence

Let F be a finite set of cardinality N in [0, 1]. The pair correlation
measure R (/) of a finite interval | C R is defined by

1

I+ Z}.
N+}

1
N#{(Xa)/) EFZ:X#y7 X—ye
The limiting pair correlation measure of an increasing sequence (Fp),, is

given (if it exists) by
R(I) = lim Rz, ().

n—o0

R(I) = / g(x)dx.

then g is called the limiting pair correlation function of (F,),.
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Montgomery's pair correlation conjecture
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Montgomery's pair correlation conjecture

[Montgomery, 1973] conjectured that, for any fixed o < 3,

o Tlog T [7 Sinmu\?
N3, T) := > L /a (1—< — >>du

0<v,y'<T
2ra 1 27
log T SFY_’Y < log T

Tlog T
n g

&(a, B),

where §(a, ) = 1if 0 € [«, 5] and 0 otherwise.

Bittu (IlITD) The Correlation of Farey sequence 7/14



Pair correlation of Farey fractions
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Pair correlation of Farey fractions

Theorem (Boca and Zaharescu, 2005)
The pair correlation function of (Fq)q is given by

Bittu (IIITD) The Correlation of Farey sequence 8/14



Pair correlation of Farey fractions

Theorem (Boca and Zaharescu, 2005)
The pair correlation function of (Fq)q is given by

Bittu (IlITD) The Correlation of Farey sequence 8/14



Visible lattice points along polynomials
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Visible lattice points along polynomials

® For a fixed vector (ap, ap—1, - ,a1) € Z" with a, # 0,a; > 0 for all /,
and ged(an, an-1, -+ ,a1) = 1, let P(x) = apx" 4+ ap_1x" 1+ -+ apx,
we define

V= {(a,b) e N?

b = gP(a) for some g € QF, # (a,b') € N2
such that b’ = ¢'P(a'), and & < a, b’ < b
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Visible lattice points along polynomials

® For a fixed vector (ap, ap—1, - ,a1) € Z" with a, # 0,a; > 0 for all /,
and ged(an, an-1, -+ ,a1) = 1, let P(x) = apx" 4+ ap_1x" 1+ -+ apx,
we define

b = gP(a) for some g € QF, # (a,b') € N2

such that b’ = ¢'P(a'), and & < a, b’ < b

V= {(a,b) e N?

® Denote

S:= {(av b) € N2| ng(anan + an—lan_l +---a1a, b) = 1}
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Generalized Farey fractions

Define
]:Q,PZZ{Z |1<a<qg<Q, (aaq)ES}-
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Generalized Farey fractions

Define
]:Q,PZZ{Z |1<a<qg<Q, (aaq)ES}-

If P(x) = x(x + 1) then for instance

11213
Y R 1.
]:5,P {5533572757 }
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Generalized Farey fractions

Define
]:Q,PZZ{Z |1<a<qg<Q, (avq)ES}-

If P(x) = x(x + 1) then for instance
11213
————— b
Fsp = {5 352’5 }

The cardinality of Fg p
Q (
fansan—1,.a1 (P) 1+e
Fop=— I B 0
#Fqp = 2|p|< 2 >+ (@),

where
faman 1. (m) = {1 < d < m|a,d"+a,_1d" '..4a1d =0 (mod m)}|.
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Pair correlation of Generalized Farey fractions

Theorem (.B, Chaubey, 2023)

Let c1,c € ZF and P(x) = cx? + c1x. The limiting pair correlation
measure of the sequence (Fq,p)q under the GRH exists and is given by

(ac) (M 1 2\
S(N) < T /O = hl(m)|og<m—6p> dA,

22
1<m< Bp
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Pair correlation of Generalized Farey fractions

Theorem (.B, Chaubey, 2023)

Let c1,c € ZF and P(x) = cx? + c1x. The limiting pair correlation
measure of the sequence (Fq,p)q under the GRH exists and is given by

S(N) < (61;6)6 /OA = > hl(m)|0g< ;‘)d)\

2\
1<m <B

for any N > 0, where B =[], (1 - &2—’;1ﬁ>, and

ZZZ

g1|m g|'"

2 |C1 | g1g2
82|¢€1
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Pair correlation of Generalized Farey fractions

Theorem (.B, Chaubey, 2023)

Let ci,¢p,-+ ,cq € Z with cq #0, ¢; > 0 and P(x) = xP’(x), where
P/(x) = cax® L+ -+ cox+ 1, D = Disc(P'(x)). The limiting pair
correlation measure of the sequence (Fq p)q under the GRH exists and is
given by

Do2w(e)  pA 2\
S(N) < e /0)\16 > hy(m Iog< ﬁ,,) dA,

1<m <5P

v
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Pair correlation of Generalized Farey fractions

Theorem (.B, Chaubey, 2023)

Let ci,¢p,-+ ,cq € Z with cq #0, ¢; > 0 and P(x) = xP’(x), where
P/(x) = cax® L+ -+ cox+ 1, D = Disc(P'(x)). The limiting pair
correlation measure of the sequence (Fq p)q under the GRH exists and is
given by

Do2w(e)  pA 2\
S(N) < e /0)\16 > hy(m Iog< ﬁ,,) dA,

1<m <5P

for any N > 0, where B =[], (1 - ﬁ“’“—piL(p)) and

1 1
m):ﬁﬂzmg.

v
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Thank You!
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