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Ramanujan Sums

@ The Ramanujan sum is defined by:

0= % f3)

where e(x) = ™,
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Ramanujan Sums

@ The Ramanujan sum is defined by:

0= % f3)

where e(x) = ™,

@ It is an integer-valued function. Moreover

CCI(n) = Z dH (g) )
d|n
d|q

where pi(n) is the Mobius function defined as

p(n) = { (=1)" n=pr-pr,

0 otherwise.
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Ramanujan Sums
@ The Ramanujan sum is defined by:
g—1
=3 (%)
:o
(J q)=1
where e(x) = ™,
@ It is an integer-valued function. Moreover

where pi(n) is the Mobius function defined as

p(n) = { (=1)" n=pr-pr,

0 otherwise.

@ It is a multiplicative function of q.
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Ramanujan Expansion

The Ramanujan series attached to an arithmetic function f : N — C is

Z aqCq(n).

q>1
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Ramanujan Expansion

The Ramanujan series attached to an arithmetic function f : N — C is

Zach(n).

q>1

For example:
@ For divisor function d(n) = 3,1 we have

d(n) = — 3" %89 (n).

1 9
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Ramanujan Expansion

The Ramanujan series attached to an arithmetic function f : N — C is

Zach(n).

q>1

For example:
@ For divisor function d(n) = 3,1 we have

d(n) = — 3" %89 (n).

1 9

@ If r(n) denotes the number of ways of writing n as a sum of two
squares, then

rn)=m>_ %Qqﬂ(n).
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Orthogonality property

Theorem (Carmichael 1932)

Ramanujan sums satisfy an orthogonality property:

q .
%Z qu(”)CqZ(n) = { g(q) lfq]_ =qr=gq,
n=1

otherwise.
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Distribution of Ramanujan sums

The k" moments of the Ramanujan sums is defined by

k

Sixy) =3 [ S ealn)

n<y \q<x
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Distribution of Ramanujan sums

The k" moments of the Ramanujan sums is defined by

k

Sk(x,y) = Z Zcq(n

n<y \g<x

Theorem (T. H. Chan, A. V. Kumchev, 2012)

Let x be a large real number and y > x, then

2

X _
Six,y)=y— x0) + O(xy'Plogx + x3y™1).
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Moment of Ramanujan sums

Theorem (T. H. Chan, A. V. Kumchev, 2012)

Let x be a large real number, y > x, and B > 0 be fixed.
o Ify > x?(log x)B, then

Sa(x,y) = (x* + xy log x).

24(2)

0 ifx<y< x2(Iogx)B, then

Sa(x,y) = 2C(2) (1 + 26(u)) + O(x%y log*® x(x~1/2 + (£)—1/2))’

where u = log(yx~2) and k(u) is the a certain Fourier integral and
satisfies the inequalities k(u) > —0.4, k(u) << exp(—|u|3/57€). In
particular, kK(u) = o(1), as |u| — oc.
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Generalized Ramanujan sums

Cohen generalized the Ramanujan Sums as:

qb-1

= 3 o) -Ton(E),
u,c?":)ff 1 d|q

where (j, g°)p, is the b*" power ged of j and g°.

U, %), = max{d® : d®|j and d®|¢"}.
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Moment of generalized Ramanujan sums

Let the k™" moments of generalized Ramanujan sums is defined by

k
Sko(x,¥) = | D cqn(n)
n<y \q<x
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Moment of generalized Ramanujan sums

Let the k™" moments of generalized Ramanujan sums is defined by

k

Skp(x,y) = Z Zcqb(n

n<y \g<x

Theorem (N. Robles, A. Roy, 2017)
Let y > x30/2Jog®x, then for b=1,2.
x1+b

L6 Y) =Y =3 T e+ b)

JrO(bel/ax,og4y_|_X2/a+1y—2/3JrXb+1y—1/:

and for b > 3,
Sus(x,y) =y + O(x"y'logy),
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Moment of generalized Ramanujan sums

Theorem (N. Robles, A. Roy, 2017)

For b=1,2, and x?0 < y < x2b+bog5/2(b+1)

1+b 242b
So,6(x, ) = = - . +
oA (L4 b)C(1+b) 2(1+ b)2¢%(1+ b)
O(y~1x2+4b

+ x25 L (log x + log log x) + x2byL/3+1/6b

log® x log log x(log* x + log* log x) + yxl/er"L’(Iog;3 x + log? log x))
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Moment of generalized Ramanujan sums

Theorem (N. Robles, A. Roy, 2017)

For b=1,2, and x?0 < y < x2b+bog5/2(b+1)

yX1+b X2+2b
S2,6(%y) = L+ b)C(1+b) 20+b2(1+b)

O(y—1X2+4b + X2b+1(|OgX + log |0gX) + X2by1/3+1/6b

log® x log log x(log* x + log* log x) + yx1/2+b(log3 x + log? log x))
Forb>2 andy > x3b/2
yX1+b
1+ b){(1+ b)
log® x log log x(log* x + log* log x) + yx1/2+b(|og3 x + log® log x))

v

Sobp(x,y) = ( 4 O(x2by1/3+1/6b
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k™" moment of generalized Ramanujan sums

Proposition (N. Robles, A. Roy, 2017)

Let k,b be the two positive integers and y > x*(bT1) joghtL x then

Skb(%,¥) = Ab(x,y) + O(xFET logh x),
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k™" moment of generalized Ramanujan sums

Proposition (N. Robles, A. Roy, 2017)

Let k,b be the two positive integers and y > x*(bT1) joghtL x then

Skb(%,¥) = Ab(x,y) + O(xFET logh x),

where
., y ifk=1,
kb(X,y) = (17% + O(yxb/og[l/b]X) if k> 1.
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Higher moments of Ramanujan sums

Theorem (G., M. R. Murty)

Fork >3 and y > xk. as x = 0o, we have
Sk(x,y) = y*Q(iog x) + O (),

where @ € R[X] is a polynomial of exact degree 25 — 2k — 1 and
0<6<1.
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|dea of proof

@ From the definition

k
S =Y (Tan] =X ¥ Sdu(f) S du(f)
n<y \g<x n<y q, ‘7k<Xf211|‘q"1 %kllq:
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|dea of proof

@ From the definition

k
SN =Y | Tam] =X X T (%) du (%)
n<y \g<x n<y qi, k<X‘211|‘q"1 CZ(klﬂf

- Z T (@) (G) (@ e o)

qry Q<X di|q1,- ,dk|qx
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|dea of proof

@ From the definition

k
S =Y (Tan] =X ¥ Sdu(f) S du(f)
n<y \q<x n<y qi, k<X¢‘:111|‘q"1 «Zkkllq:

- Z T (@) (G) (@ e o)

qry Q<X di|q1,- ,dk|qx

= Z L E e (6) (@) roe

qr, G <X di|q1, ,dk|q
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|dea of proof

@ From the definition

k
S =Y (Tan] =X ¥ Sdu(f) S du(f)
n<y \q<x n<y qi, k<X¢‘:111|‘q"1 Cgklﬂf

= 2 5 wesn(G)on(§) (@ e o)

qry Q<X di|q1,- ,dk|qx

= Z L E e (6) (@) roe

qr, G <X di|q1, ,dk|q

@ Next, the Bréteche Tauberian theorem gives the required result.
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Higher moments of generalized Ramanujan sums

Theorem (G., M. R. Murty)
For k >3 and y > x*, as x — oo, we have

k

DD can(n) | =y E2Q(log x) + 0 (yxk(b“)/ H) :

n<y \g<x

where Q(log x) is a polynomial of exact degree 2 — 2k —1 and 0 < 6 < 1.
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